1. Given a domain G in the plane, we shall say that F(x, y) is subharmonic of order r in G if F(x, y) is in class C2Cr_1> and Ar~1F(x, y) is subharmonic in G, an analogous definition holding in w-dimensional space. When r = 1, we see that this definition coincides with the definition of a continuous subharmonic function (Ar standing for the Laplacian operator iterated r times and coinciding with the identity operator when r = 0). We shall say that F(x, y) has a generalized rth Laplacian of the first or second kind at (x0, yo) equal to ar orpV, respectively, according as 1 f2* L(F; x0, y0; t) = -I F(x0 + / cos 9, yQ + / sin 8)dO where on and j3,-(i = 0, • ■ ■ , r) are constants and / tends to zero. In (1) it is assumed that F(x, y) is integrable on the circumference of every circle of sufficiently small radius with center (x0, y0), and in (2) it is assumed that there is a disc with center (x0, yo) on which F(x, y) is integrable.
Similarly, generalized rth Laplacians of the first and second kind can be defined for re-dimensional space. (See [5, p. 261] , where the expression for the generalized wth Laplacian of the first kind can be obtained by replacing the last term on the right side of (39) by o(R2m).) Designating the re-dimensional sphere of radius t with center Po by D(Pq, t) and assuming the integrability of F(P) in every such sphere of sufficiently small radius, we then say that F(P) has a generalized rth Laplacian of the second kind at Po equal to /3r if nT(n/2) r -^ j F(P)dP
If F(x, y) is in class C(0) in a domain G and the generalized first Laplacian of the first or second kind is non-negative throughout G, then it is known [8, p. 14] that F(x, y) is subharmonic in G. It is the purpose of this paper to prove a similar result for subharmonic functions of order r. In particular, designating the generalized rth Laplacians of the first and second kind by A\ and A2, respectively, we shall show that if F(x, y) is in C2(r~l) and A2F{x, y)^0 in G then F{x, y) is subharmonic of order r. Using the anti-Laplacian operator for a bounded domain, we then apply this result to obtain a new sufficient condition for a function in Lip a, a>0, to be subharmonic. We also give some applications to the theory of double trigonometric series.
Though the theorems on subharmonic functions of order r are proven only for the plane, it will be clear from the nature of the proofs that analogous results hold in w-dimensional space.
2. Unless otherwise stated the notation for this paper will be that of Rado [8, in particular p. 3] . D will designate the closure of the set D. D(xQ, yo', t) will represent the open disc with center (x0, y0) and radius t; C(xo, yo', t) will designate its circumference. Replacing subharmonic by harmonic or superharmonic in the first sentence of §1, we have the definition for F(x, y) to be harmonic of order r and superharmonic of order r in G, respectively. Given/(x, y) bounded and continuous in a bounded domain R, we define the anti-Laplacian operator of/ in R, A~lf(x, y), to be
A-r/(x, y) is then defined as A_1(A_(r_1)/(x, y)).
3. The main results of the paper are the following theorem and corollaries. Theorem 1. Let F(x, y) be in class C2(r-1) in a domain G, r an integer ^ 1, and let E be a closed bounded set of capacity zero contained in G. Suppose A2F(x, y)^0 for (x, y) in G -E. Then F(x, y) is subharmonic of order r in G.
Corollary
1. Let f(x, y) be in Lip a, a>0, on the bounded domain R and let E be a closed bounded set of capacity zero contained in R. Suppose A|A_1/(x, y) =0for (x, y) in G-E. Thenf(x, y) is subharmonic in R.
Corollary 2. Let F(x, y) be in class C2(r-1> on a domain G and let Ei be a closed bounded set of capacity zero (not necessarily contained in G). Suppose Ar2F(x, y) =0 in G -EXG. Then F(x, y) is harmonic of order r in G. Furthermore for r = 2 the hypothesis concerning class C2(r_1) cannot be weakened to class C2Cr-1)_1.
The results are stated in terms of A£, but since F(x, y) and A~xf(x, y) are continuous, they are, a fortiori, true if stated in terms of A\.
Corollary 2 is a generalization of a result obtained by Cheng [3] for harmonic functions of order 2.
4. Before proceeding with the proof of Theorem 1, it will be necessary to establish certain lemmas. In particular the connection between the generalized rth Laplacian and the ordinary rth iterated Laplacian will be established. where (x', y') is in Z>(x0, yo; t).
For by [5, where (x', y') is some point in D(xa, y0; t), so that the lemma is established.
Lemma 2. Let F(x, y) be in class C(2r) on a domain G, r =g 0. Then A\F{x, y) =AlF(x, y) for i = 0, ■ ■ • , r.
For r^l, the proof of this lemma follows immediately from Lemma 1 and the continuity of ArF(x, y). For r = 0, the proof follows from the continuity of F(x, y). It is also clear that in the conclusion of the lemma A^Fix, y) can be replaced by A[F(x, y). where (x/, y/) is in D(x0, y0; t). From (5) and (6), for t sufficiently small, we obtain that A'F(*/, y',) -A'F(xo, yo) = e*2/22(r + l)(r + 2) + 0(/2), which contradicts the fact that ArF(x, y) attains a maximum at (*o, yo).
A similar argument prevails in case r = 0.
5. To prove Theorem 1, we observe that, by [l], G -E is adomain. Let D(x0, y0; t) be contained in G -E, and let H(x, y) Ar~1F(x, y) on C(x0, yo; t), harmonic in D(x0, y0; t), and continuous in D(x0, y0; t). in the interior of D(x0, y0; t). Now A'-»F(x, y)-H(x, y)-(l/2ir)ffD(xi>,y".t)eg(x, y; />, g)rf/wfg is continuous in D(x0, yo; t) and nonpositive on C(x0, yo; t). Since, by (7) and Lemma 3, this function takes its maximum on the boundary of the disc and since furthermore e is arbitrary, we obtain that AT-1F(x, y) =H(x, y) throughout D(xB, yo; t). In particular, choosing H(x, y) as the Dirichlet solution for Ar_1F(x, y) on C(x0, y0; t), we have that All but the last statement of Corollary 2 follows directly from Theorem 1, after restating the theorem for superharmonic functions, applying it then to show that Ar_1F(x, y) is harmonic in the domain G -GEi, and then applying [7, p. 335, Theorem VI ] to obtain the fact that Ar_1F(x, y) is harmonic in G.
To prove the last statement of Corollary 2, choose G = D(0, 0; 1) and O2^1' for x > 0, F(x, y) = < l_»t(r-i) forx<0.
Then clearly F(x, y) is of class C'2<r_1)_1 on G and A2F{x, y)=0 for (x, y) in G. But Ar_1F(x, y), having irremovable discontinuities in G, is clearly not harmonic there. where rj>0, the series is said to be circularly summable (C, 77) to L(x, y).
To prove the theorem, we first notice that F(x, y) is in C2(r_1) on the plane. Second, by [9, Theorem 2] under the assumptions of the theorem, if the series is (C, 2a) summable to L(x0, yo) at the point (x0, y0), then A^Xo, yo) =L(x0, y0) ^0. Now choose any point (xi, yx) in the plane. Then under the assumptions of the theorem there exist a domain Gi containing (xi, yi) and a closed bounded set Ex of capacity zero contained in Gx such that A2F(x, y) =^0 in Gi -Ei. By Theorem 1 of this paper, F(x, y) is subharmonic of order r in Gi. Since (xt, yt) was an arbitrary point in the plane, the proof of the theorem is complete.
8. We close with the following application of Corollary 2 to the uniqueness theory of double trigonometric series: To prove the theorem, choose an integer 2a^iq and an integer r = a-\-\. Then the series is circularly summable (C, 2a) to zero in 12 -E. Now let (x0, yo) be any point in the plane. Then clearly for the disc D(x0, y0; /), there exists a closed bounded set £t of capacity zero such that the series is summable Fixing (x, y), letting / tend to infinity, and observing then that the series on the right side of (9) tends to zero, we are able to conclude first that a0o = 0, then that/(x, y)=0, and then, consequently, that amn = 0 for all (m, n).
